The authors in their previous papers obtained compact, arbitrarily accurate expressions for twocenter one-and two-electron Dirac integrals expressed over Slater-type orbitals with noninteger principal quantum numbers. In this present study, the accuracy limits of given expressions is examined for three-center nuclear attraction integrals, which are the first integral set do not have analytically closed form relations. They are expressed through new molecular auxiliary functions obtained via Neumann expansion of Coulomb interaction. The numerical global adaptive method is used to evaluate these integrals for arbitrarily values of orbital parameters, quantum numbers. Several methods, such as Laplace expansion of Coulomb interaction, single-center expansion, Fourier transformation method, have been developed in order to evaluate these integrals over Slater-type orbitals with principal quantum numbers have integer values. This is the first attempts to study the three-center integrals without any restrictions on quantum numbers and in all ranges of orbital parameters.
I. INTRODUCTION
The LCAO-SCF method [1] is generally employed for molecules, in which molecular wave functions taken to be linear combinations of atomic basis functions whose should possess the cusps condition at the nuclei [2] and decay exponentially for large distances [3] . This approach leads to use, namely, Slater-type orbitals(STOs), χ nlm (ζ, r) = R n (ζ, r)Y lm (θ, φ) ,
R n (ζ, r) = N n (ζ) r n−1 e −ζr (2) where, n ∈ N + , Y lm are complex or real spherical harmonics (Y * lm = Y l−m ; Y lm ≡ S lm ) [4] [5] [6] ,
in one-and two-electron multi-center molecular integrals. Numerical values for these integrals needs to be in spectroscopic accuracy in order to meaningful discussions on the basis-set expansion methods, Born-Oppenheimer energy, vibrational frequency calculations. Lack of methods with the aim of obtaining analytically closed form relations, however, for molecular integrals have more than two-center referred to as The bottle-neck of quantum chemistry [7] , have been greatest obstacle.
One of means suggested to overcome this problem is based on infinite series representation formulas which is require increasing the upper limit of summation as much as possible to converge to exact values with sufficient decimals (the choice adopted as threshold for the total * albagci@univ-bpclermont.fr energy in nonrelativistic variational energy calculation is of order E−03 atomic units, therfore, constitute matrix elements should be accurate to E−10 atomic units). It is so-called expansion theorem [8] [9] [10] . It is based on the expansion of the STOs via complete orthonormal basis functions about a new origin, The another one is Fourier transform method [11] [12] [13] [14] , which is applied by expressing STOs as finite linear combinations of B functions [15] . It is allowed to transform the multi-dimensional integration into a two-dimensional integral in momentum space,
f nl (ζ, k) = 4πi l ∞ 0 r n+1 e −ζr j l (rk)dr, (6) here, the j l (kr) is a spherical Bessel function. Notice that, the Fourier transform method provides simple analytical expressions but also brings computational difficulties due to the presence of spherical Bessel functions which are provoke an oscillation. The numerical integration techniques through nonlinear transformations methods were applied in the literature [16] [17] [18] [19] [20] [21] [22] [23] [24] in order to evaluate the multi-center integrals rapidly.
In particular, the three-center integrals is a fundamental importance in the study of molecular systems through ab-initio and density functional theory. They are central to the understanding of multi-center integrals. They have been commonly studied with methods presented above. But, they also can be evaluated through Neumann [25] [26] [27] [28] and Laplace expansion [29] [30] [31] of Coulomb interaction in prolate spheroidal coordinates. This property makes them invaluable in order to test newly developed methods.
The prolate spheroidal coordinates method allows to take advantage of binomial expansion theorem,
where, the convergence of the integrals would be based on conditions given for convergence of the binomial expansion and generated product terms through its, which are make accuracy sensitive to the values of quantum numbers, internuclear distances, orbitals parameters. On the other hand the methods proposed so far are restricted to use integer values of principal quantum numbers and they are investigated in terms of convergence and computational times in detail. Considering the principal quantum numbers in the sets of positive real numbers n ∈ R + makes the problem of multi-center integrals evaluation even much more through insurmountable. The Slater type orbitals with noninteger principal quantum numbers (NSTOs), here the normalization factor given in Eq. (8) replace with,
can not be expanded via complete orthonormal basis functions. They do not have infinite series representation formulas (see Refs. [32] [33] [34] [35] [36] [37] for mathematical and numerical proof of nonexistence of single-center expansion method established in Ref. [10, 38] and critique for its countless applications). Obtaining power series for a function such as z ρ , z ∈ C and ρ ∈ R/N 0 , meaningless since it is not analytic at the origin [32] . This also eliminates possibility of applying binomial expansion theorem (in numerous studies [39] [40] [41] [42] [43] [44] [45] [46] , and references therein], such an attempt have been made but in [34] [35] [36] have been also numerically proved that convergence problem arises as indicated in [32, 33] ). Therefore, in mathematical point of view evaluation of multi-center molecular integrals using noninteger principal quantum numbers in Slater-type orbitals is an open question and it is directly related with solution of the Dirac equation in algebraic approximation. The basis functions to be used in solution of matrix form of the Dirac equation are obtained analogously to Lspinors which are related to the Dirac hydrogenic solutions. Their explicit form include power functions r γ ,
with, Z is nuclear charge, c is speed of light, κ = ±1, ±2, ±2, ..., respectively. They can only be represent by finite summation of Slater-type orbitals with noninteger principal quantum numbers [35, 47, 48] .
In a new approach the two center integrals have been calculated by the authors [34, 35] for arbitrary values of parameters and quantum numbers based on numerical integration techniques. The new relativistic molecular auxiliary functions in prolate spheroidal coordinates (ξ, ν, µ),
and, (a) n is the Pochhammer symbol, P [α, x] is the normalized incomplete gamma, Q [α, x] is normalized complementary incomplete gamma functions [49] , have been presented. They are used to obtain compact form relations for two-electron integrals. Afterwards this idea adapted to calculate overlap integrals via Fourier transform formulas [50] . The same accuracy, 36-digits, is achieved in both methods. These are so far only known precise calculations for molecular integrals over NSTOs. Hence, they are used in this paper to produce benchmark values for three-center one-electron molecular Dirac integrals as a first time in the literature. The MATHE-MATICA [51] programming language is utilized for both analytical and numerical calculations.
II. DEFINITION AND BASIC FORMULAS
Taking into account Fig. 1 , where definition of coordinates are given for one electron in a triangular conformation, the three-center nuclear attraction integrals can be written as follows,
A, B, C are three arbitrary points of the euclidian space, r = r a1 , R AB = AB, R AC = AC. Note that, the given expressions in Eq. (10) are convenient to perform prolate spheroidal coordinates method where, Laplace expansion [52] , or Neumann expansion [53] , (12) is used for Coulomb interaction, here, P(µ), Q(µ) are first and second kind associated Legendre functions [54] , {r < , r > }, {ξ < , ξ > } refers to lesser and greater of {r 1 , r 2 }, {ξ 1 , ξ 2 } in Laplace and Neumann expansion method, respectively. Since it is assumed axes of prolate spheroidal coordinate system centered on A, B [55] substitutions in Eqs. (10) (11) (12) can be written as follows,
In order to evaluate angular part of integrals then, it is also necessary to take into account the product of two normalized associated Legendre functions with different centers in prolate spheroidal coordinates [9] ,
where, λ = |m|, λ ′ = |m ′ |, P l|m| (x) are normalized associated Legendre functions. Notice that, the main purpose of using prolate spheroidal coordinates in evaluation of the three-center integral is to reduce of a given problem to integrable auxiliary functions. In both, Laplace and Neumann expansion of Coulomb interaction, the auxiliary functions are obtained having almost the same features. Regardless of which method is used, the accuracy of solution becomes dependent on precise calculation of them. The present study is directly focused on eliminating the restrictions and difficulties occurring in calculation of the auxiliary functions.
III. THREE-CENTER NUCLEAR ATTRACTION INTEGRALS
Expressions for the three-center integrals are obtained here over Slater-type orbitals with noninteger principal quantum numbers in order to ensure parameters resulting in auxiliary functions are in the set of positive real numbers. And, Neumann expansion is used for 1/r c1 appears in Eq. (12) , which allows to obtain more exhaustive integrals for them. Thus, main expression for the threecenter integrals are given as follows(a ≡ a1, b ≡ b1), (14) here,
are the normalization constants. Please see [56] for definition of A M coefficients, which are represent integration over azimuthal angle. The J LM , K LM integrals are the auxiliary functions and they are defined as,
The Eqs. (16, 17) can be defined in a simpler form through given relation in Eq. (13) as, where, {N 1 , N 2 } ∈ R + . The Eqs. (16, 17) are therefore obtained as follows,
There are no known convergent series representation formulas, free from specifications on parameters for power functions such as (ξ + ν) N1 , (ξ − ν) N2 , {N 1 , N 2 } ∈ R, yet and that poses an obstacle to analytically reduce the J LΛ,q , K LΛ,q auxiliary functions to one variable w q µ , L q µ , k q µ auxiliary functions introduced in [27] . Thus, the solution should be obtained on the basis of numerical methods. Note that, taking advantage of binomial expansion method for terms containing the angular part of Slater-type orbitals in order to simplify the expressions increases the number of integrals should be numerically calculated. In MATHEMATICA programming language instead of using Eq. (19) , direct computation of Eqs. (16, 17) are faster. The given relations for auxiliary functions in Eq. (18) are calculated by using different expressions of Legendre polynomials and compared according to computational time in Fig. (2) as sample. The discussions on results are made in the next section. 
IV. RESULTS AND DISCUSSIONS
The literature currently, lack of reliable benchmark values of multi-center integrals when noninteger principal quantum number is used. Recently, a robust numerical Global-adaptive strategy with Gauss-Kronrod extension has been applied for two-center integrals through prolate spheroidal coordinates and fourier transform method in [34] [35] [36] 50] . Benchmark results have been presented for them. In this study it is extended for solution of auxiliary functions occurring in three-center integrals. The algorithm described in [34] has been incorporated into a computer program written in the MATHEMAT-ICA programming language with the included numerical computation packages for solving Eqs. (14, 16, 17) . The MATHEMATICA programming language can handle approximate real numbers with any number of digits and it is suitable for benchmark evaluation. It is also provides a uniquely integrated and automated environment for parallel computing. It is allows us to compute the formulas 
Eqs. (16, 17) including summations using all cores of PC effectively through ParallelSum command instead of Sum. Note that, in this study all results are given in atomic units (a.u.)
The calculation results are presented in Tables I−VII  and Fig.2 for arbitrary values of quantum numbers, orbital parameters and internuclear distances. The comparisons are made with expansion method derived in order to evaluate multi-center integrals over Slater orbitals which are given for expansion of wave function in Eq. (4) and for charge density expansion to same center by following formula [10] ρ nlm,n ′ l ′ m ′ (ζ, r; ζ ′ , r)
They are useful to reduce the three-center integrals to basic nuclear attraction integrals,
The Eq. (4) is used to transform the wave function centered at A to a wave function centered at B then, Eq. (20) is used to transform the charge density to a single wave function. Here, z = ζ + ζ ′ , R BC = AC. The following formula is used to calculate the resulting basic nuclear attraction integrals [57] ,
where, Γ(n, m) is incomplete gamma functions [54] . Notice that, the expansion of the wave-function method is restricted to the use of integer principal quantum numbers in Slater-type orbitals. It can not be consider as an alternative approximation if the values of principal quantum numbers are chosen to be positive real numbers.
In Fig. 2 Eq. (18) is investigated according to computational time in MATHEMATICA programming language. MATHEMATICA includes all the common special functions of mathematical physics. It also provides easy way of computing them precisely. Here, analytical (GL) [58] , 
where, 0 ≤ k ≤ E (18) and the results obtained for these functions are in complete agreement with [27] . Hence, we believe an importance of present the results for general form of Eq. (18) .
The comparisons are made for Eqs. (16, 17) and Eq. (19) in Tables II, III . In Eq. (19) the Legendre polynomials on left-hand side are expanded via Eq. (13) and numerical approximation is performed to remaining parts. In Eqs. (16, 17 ) the numerical approximation is directly performed. The same results obtained in both method. It is known that, the calculation become slower with MATHEMATICA programming language if formulas contain summations and so, direct numerical integration of Eqs. (16, 17) is faster. The results in Tables II,  III shows that, numerical Global adaptive method with Gauss-Kronrod extension can be used for computation of integrals such as Eqs. (16, 17) which is eliminate necessity applying binomial expansion theorem. The calculations become free from special cases.
In Tables IV, V , VI the results obtained for threecenter integrals are presented for upper limit of summation L is L = 30. In first and second rows benchmark results obtained from numerical global adaptive method and results those found in the literature are presented, respectively. Later rows are the results obtained from expansion of the wave-function method and they are in complete agreement with ones from E. Şahin (personal communication), where the upper imit of summations N e are given in parenthesis. The expansion of the wavefunction method is tested up to upper limit of summation N e , N e = 160. The results hardly convergent with 10−digits for given quantum numbers and orbital parameters in table V. In other tables the convergence is between 5−digits and 10−digits. Note that, it is necessary to take into account eight summation and four of them should be infinite in expansion of the wave-function method if NSTOs are used. The values presented in Tables IV, V, VI for STOs clearly demonstrate pointlessness of such an attempt. On the other hand in our previous papers [34, 35] it have been proved that the numerical Global adaptive method with Gauss-Kronrod extension is able to give benchmark values. In particular for Table VII the results are presented for different upper limit of summation L appears in Eq. (10). They differs from upper limit of summation N e used in expansion of STOs in that they are presented in brackets. Convergence property of Eq. (10) is examined in this table. It is found that, by increasing the upper limit of summation the results are convergence to exact values. The results obtained up to upper limit of summation L is L = 40. It is achieved to 25−digits accuracy by determining the upper limit of summation L is L = 30 accordingly, the results with upper limit of summation higher than L = 30 are not presented in this table. It should be point out that, the summation appears in Eq. (10) should not be regarded as having same characteristic with summation arising in expansion of STOs. It is based on expansion of spherical harmonics which have form a complete set of orthonormal functions. Any square-integrable function can be expanded as a linear combination of spherical harmonics. The convergence problems arising in expansion NSTOs can not exist in our method. Without any computational difficulty by increasing the upper limit of summation L can be achieved to desired accuracy rapidly.
Finally, we would like to point out that the formulas and algorithm presented in this paper prove their efficiency by giving benchmark values without any restriction on quantum numbers and orbital parameters through simplest expression for three-center integrals. a [26] b [28] 
